Introduction
The free-vibration analysis of a rectangular plate is of interest in the field of mechanics, civil, and aerospace engineering. Back in 1823, by using a double trigonometric series, Navier obtained the exact solution of bending of a rectangular plate with all edges simply supported ͓1͔. In 1899, by using a single Fourier series, Levy developed a method for solving the rectangular plate bending problems with two opposite edges simply supported and the two remaining opposite edges with arbitrary conditions of supports ͓2͔. In 1934, Way obtained the exact solutions for the large deflection analysis of a clamped circular plate ͓3͔. For the freevibration analysis of rectangular plates, accurate analytical results were presented for the cases having two opposite sides simply supported, whereas the other cases with the possible combinations of clamped, simply supported, and free edge conditions were analyzed by using the Ritz method by Leissa in 1973 ͓4͔. In addition, the method of superposition was proposed by Gorman to examine free-vibration analysis of cantilever plates in 1976 ͓5͔ and that of rectangular plates with a combination of clamped and simplysupported edge conditions in 1977 ͓6͔.
More recently, many papers on the vibration analysis of rectangular plates have been published ͓7-10͔. The free-vibration analysis of isotropic and anisotropic rectangular thin plates subjected to general boundary conditions was conducted by using a modified Ritz method by Narita in 2000 ͓10͔. For centuries, however, an exact solution for a fully clamped rectangular plate has not yet been obtained, and it is currently considered that an exact solution is not achievable for the rectangular plate problem of this type.
In this paper, a Bessel function method is proposed to obtain an exact solution for the vibration problems of a rectangular plate by superposing different Bessel functions to satisfy three edge conditions: ͑i͒ fully simply supported, ͑ii͒ fully clamped, and ͑iii͒ two opposite edges simply supported and the other two edges clamped. By employing the proposed method, the exact solutions of the natural frequencies and mode shapes can be obtained for the rectangular thin plate with the aforementioned edge conditions. This new method provides simple, direct, and highly accurate solutions for this family of problems.
Thin Plate Theory
The free harmonic vibration of a thin plate with a constant thickness h is governed by the differential equation
where W͑x , y͒ is a typical mode, ٌ 4 is the biharmonic differential operator ͑i.e.,
͒ is the bending rigidity with E and being the Young's modulus and the Poisson's ratio, respectively, is the natural frequency, and is the mass density.
For a finite solid circular plate, the nth vibration mode of Eq. ͑1͒ in polar coordinates is ͓11͔ W n ͑r,͒ = ͓A n J n ͑kr͒ + B n I n ͑kr͔͒ cos
where A n and B n are constants to be determined, J n and I n are the Bessel function and the modified Bessel function of the first kind of order n, respectively, and k 4 = 2 h / D. Thus, in Cartesian coordinates, Eq. ͑2͒ can be converted into
According to ͓12͔, there exist the addition formulas, where is defined as R cos = x − y cos , R sin = y sin , and when y approaches 0, approaches 0. To satisfy = atan͑y / x͒, = / 2 is selected. Then, Eq. ͑3͒ becomes
is the general solution for the vibration modes of solid rectangular plates, where A n and B n can be determined by use of the orthogonal characteristic of these vibration modes. It is noted that J n−m ͑kx͒J m ͑ky͒ and I n−m ͑kx͒I m ͑ky͒ are the core parts of the solution, which can be further adopted to construct the freevibration solutions of a rectangular thin plate with different edge conditions. By superposing these Bessel functions to satisfy the edge conditions of a rectangular plate, the exact solution for the free vibration can be obtained. We call this approach the Bessel function method.
It will be applied to analyze the free vibration of a rectangular plate with three edge conditions in the sequel.
Free-Vibration Analysis of a Rectangular Plate Under Different Edge Conditions
For a rectangular plate with edge lengths a and b, there are eight boundary conditions for every case. Three cases are discussed below: ͑i͒ fully simply supported, ͑ii͒ fully clamped, and ͑iii͒ two opposite edges simply supported and the other two edges clamped.
Fully Simply Supported Rectangular
Plate. In this case, the boundary conditions are
In order to satisfy all the above edge conditions, the vibration mode function can be constructed as
where the mode subscripts m and n are odd and even numbers for nontrivial solutions, respectively. Based on the following properties of the special functions: 
is the frequency equation for the fully simply supported square plate. For a fully simply supported rectangular plate, the well-known exact solution for the free-vibration analysis was obtained by Navier ͓1͔. In the Navier-type solution, the mode functions and natural frequencies are ͓4,13͔
The free-vibration solutions expressed in Eqs. ͑7͒ and ͑9͒ by the proposed Bessel function method are different from the Naviertype solutions due to the different derivation processes. In the former method, using the Bessel functions in Eq. ͑5͒ that satisfy the governing equation ͑1͒, and Eq. ͑7͒ is constructed to satisfy the edge conditions in Eq. ͑6͒. In the Navier-type solutions, the double Fourier sine series in Eq. ͑10a͒ was constructed to satisfy the edge conditions, whereas Eq. ͑10b͒ was obtained from Eq. ͑1͒. Table 1 compares the first ten nondimensional natural frequencies ka of a square plate with an edge length of a obtained from Eqs. ͑9͒ and ͑10b͒, applying the Bessel function method and the Navier-type solution, respectively. It is noted that the two kinds of solutions are different in the sense that the Navier-type natural frequencies are relatively sparse. Because the frequency equations are both derived exactly from the mode function expansions, considering the convergence of Eq. ͑7͒, the natural frequency solutions from Eq. ͑9͒ are exact and a complement to the Navier-type solutions. 
Fully Clamped Rectangular Plate. A fully clamped rectangular plate has the boundary conditions
͉W͉ x=0 = 0, ͉W͉ x=a = 0, ͯ ‫ץ‬W ‫ץ‬x ͯ x=0 = 0, ͯ ‫ץ‬W ‫ץ‬x ͯ x=a = 0 ͉W͉ y=0 = 0, ͉W͉ y=b = 0, ͯ ‫ץ‬W ‫ץ‬y ͯ y=0 = 0, ͯ ‫ץ‬W ‫ץ‬y ͯ y=b = 0
͑11͒
The vibration mode function in this case can be constructed as In order to verify Eq. ͑14͒, we compared the nondimensional frequencies ka of the fully clamped square plate obtained from Eq. ͑14͒, the Rayleigh-Ritz method ͓14͔, and the finite element method ͓15͔. The comparison is summarized in Table 2 . As shown in Table 2 , the first two natural frequencies derived from Eq. ͑14͒ employing the Bessel function method are very close to those from the Rayleigh-Ritz method and the finite element method, and the discrepancy among them is Ͻ3%. It is also known that the results obtained by the Rayleigh-Ritz method constitute upper bounds for the natural frequencies. As shown in Table 2 , the first six natural frequencies from the Rayleigh-Ritz method are almost all higher than the first six exact eigenfrequencies from Eq. ͑14͒. Therefore, the frequency equation of the Bessel function method for the fully clamped plate is verified.
Rectangular Plate With Two Opposite Edges Simply
Supported and the Other Two Edges Clamped. The rectangular plate in this case has the boundary conditions
͑15͒
The vibration mode function in this case can be constructed from
where n is an even number. For the case of a = b, all the boundary conditions are satisfied when m = n /2, m 0, ±1, ±2, and
represents the frequency equation for this case. Therefore, the vibration mode functions and frequency equations of the rectangular plate with different edge conditions: ͑i͒ fully simply supported, ͑ii͒ fully clamped, and ͑iii͒ two oppo- site edges simply supported and the other two edges clamped, have been derived as Eqs. ͑7͒ and ͑9͒, Eqs. ͑12͒ and ͑14͒, and Eqs. ͑16͒ and ͑17͒, respectively. Based on the derived equations above, the modes shapes and natural frequencies can be obtained.
Numerical Illustrations
In this section, the different vibration mode functions of the square plate with two different edge conditions: ͑i͒ fully simply Transactions of the ASME supported and ͑ii͒ fully clamped, are calculated with an edge length of a = 0.18 m. Figures 1͑a͒ and 1͑b͒ show the vibration mode functions distribution and the corresponding contours for a fully simply supported rectangular plate with n = 2 and m = 1 at a nondimensional natural frequency of 3.6744 and 10.1215, respectively. As shown in Fig. 1͑a͒ , it can be seen that, at the lowest natural frequency ka = 3.6744, the boundary conditions in Eq. ͑6͒ are satisfied from the mode distribution and Eq. ͑7͒ is validated. In the contour shown at the right-hand side, the only one peak is observed at the center of the square plate. In Fig. 1͑b͒ , it is observed that the number of peaks increases as the order of the vibration mode becomes higher. The corresponding contour at the right-hand side shows the distribution of the peaks on the plate under investigation. Figures 2͑a͒ and 2͑b͒ show the vibration mode functions distribution and the corresponding contours for a fully simply supported rectangular plate with n = 6 and m = 3 at a nondimensional natural frequency of 9.7066 and 12.9751, respectively. As shown in Fig. 2 , when n and m vary, the boundary conditions in Eq. ͑6͒ are also satisfied and Eq. ͑7͒ is validated. Figures 3͑a͒ and 3͑b͒ show the vibration mode functions and the corresponding contours for a fully clamped rectangular plate with n = 4 and m = 2 at a nondimensional natural frequency of 12.4022 and 15.5795, respectively. As can be seen in Fig.3 , the boundary conditions are satisfied by employing the Bessel function method and the derived equations are validated.
Conclusions
A novel Bessel function method is presented and used to obtain the exact solutions for the free-vibration analysis of a rectangular plate with three different edge conditions: ͑i͒ fully simply supported, ͑ii͒ fully clamped, and ͑iii͒ two opposite edges simply supported and the other two edges clamped. This proposed method provides the exact solutions for the natural frequencies and mode shapes of a rectangular plate. Because of the high accuracy provided by the proposed method, it can be used to verify other free-vibration analyses and to evaluate the precision of commercial software. The direct exact solutions obtained for the most fundamental structural element employing the proposed method will serve as a base of and provide an insight into the analysis of complex structures.
